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Introduction
Let C be a smooth complex projective curve of genus g, and let J be the Jacobian of C.
Upon choosing a base-point in C, J m a y be identified with the set of linear equivalence classes of divisors of degree d on C. Denote by W~ the algebraic subvariety of J parametrizing divisors which move in a linear system of dimension at least r. A fundamental theorem of Kempf [9] and Kleiman and Laksov [11, 12] asserts that these loci are nonempty when their expected dimension
= g -( r + l ) ( g -d + r )
is non-negative. We complement this existence theorem with two results on the global structure of W~ when Q >0. First of all, for an arbitrary curve C, we prove T~E O~M I. I / Q>0, then W~ is connected.
When C is generic (in the sense of moduli), deep results about the local geometry of W ra have been obtained by Griffiths and Harris [5] and by Gieseker [4] . Combining these with Theorem I, we deduce the
COROLLARY. For a generic curve C, W~a is irreducible when Q>0.
By a standard construction, W~ m a y be realized as the locus where a certain homomorphism of vector bundles on J drops rank. Theorem I then becomes a simple consequence of a general result--of independent interest--on the connectivity of such degeneracy loci.
(1) Partially supported by the J. S. Guggenheim Foundation and by NSF Gran$ MCS 78-04008. let Specifically, let X be an irreducible complex projective variety of dimension n, and a: E~F be a homomorphism of vector bundles of ranks e and / on X. Put
Dk(~) = {x eX[ rank ~(x) < k}:
If non-empty, the degeneracy locus Dk(~) has codimension ~< ( e -k ) ( / -k) in X. Under a suitable positivity hypothesis on the bundles in question, we prove that Dk(a) is connected as soon as its expected dimension is positive:
and THEORn~ II. Assume that the vector bundle E * | 2~) is ample. Then:
) is connected when n > ( e -k) ( / -to).
It was suggested in [3, w 10 ] that such ~ result should hold. Note that it is not assumed that D~(a) actually has the expected dimension.
The present paper is divided into two parts. w 1 is devoted to the proof of Theorem II, and to a simple consequence concerning the singularitie~ of finite mappings to projective space. The application to loci of special divisors occupies w 2. Our construction of W~ follows the well-known approach of Grothendieck, Mattuck, Schwartzenberger, Kempf, I~leiman and Laksov. Since only an elementary part of their work is needed, we have included details for the convenience of the reader. We remark that statement (a) of Theorem II gives rise to a simple proof of the Kempf-Kleiman-Laksov existence theorem for special divisors, bypassing the Chern class computations of the original proofs. On the other hand, those calculations lead to a formula for the cohomology class of W r~, which is important in enumerative questions. We recommend Chapter 3 of the forthcoming book [1] , whose notation we follow, for an account of results along these lines.
Finally, a word on the proof of Theorem II may prove helpful. The strategy is to reduce the problem to proving the vanishing of certain singular cohomology groups, and then to draw on Lefsehetz-type theorems to establish these v~nishings. Consider for example the special case when E is a trivial line bundle and k=O, so that Do(a ) =Z(a), the zerolocus of the section a of the ample vector bundle F. If F is a line bundle, then X -Z ( a ) is affine; hence H*(X-Z(a))=O for i>~dim X + I , and this easily leads to a proof thatZ(~) is connected if dim X~>2. W h e n / = r k (F) >1, ~ determines a section o* of the line bundle O(1) on P(F*). Since P(F*)-Z(a*) fibres over X -Z ( a ) with fibres C/-1, and since O(1) is ample on P ( F * ) b y the ampleness of F, one deduces that H~(X-Z(a)) = 0 for i >~ dim X +/; the connectedness of Z(a) folloWs when dim X >~ f § 1. This argument was used by Sommese [15] , and an elaboration of this construction plays an important role in the proof of Theorem II. 
Dk(a) = (x e X I rank a(x) ~< k}.
Then:
Proo/. To begin with, note that it suffices to prove the theorem for normal varieties. 
. I[ i >~r + ld[=n + ([ + k) (e-lc), then
Observe that the proposition indeed implies the theorem. The point to observe is that the projection p gives rise to a map
P -Y * ' -~W -Y
which is locally trivial, with fibres C ~b-1. In particular,
is an isomorphism. (Compare [15] .)
Proo/ o/ Proposition 1.2. We first apply the construction just described to the homomorphism z: S-+~*_F on (]. Thus we consider the projective bundle p: P = P(Hom(~*F, S)) -~ G, and the section tr (z*)EF(P, Op (1)). Let Y* P denote the zero locus of tr (z*), and set V* = P -Y*.
In view of (1.4), the proposition is equivalent to H*(V*; Z) = 0 for i>~dim V * + I .
(1.5)
On the other hand, consider the projective bundle q:
Then there is a natural map g: P~P ' , which has the following concrete description. We m a y think of a point in P as a homomorphism 9: F(x)~S(x) ( 
H~(G, Y; Z) = 0 for i < n ' ( e -k ) ( / -k ) . (*)
The corresponding groups H~(X, Dk((r)) need not vanish, however. For example, the 
= g -( r + l ) ( g -d + r ) .
For our purposes, the basic fact is LE~MA 2.
For any m>~2g and t>~l, E*| is an ample vector bundle on J.
Grant the lemma for the moment. Then Theorem 1.1 (a) yields the result of Kempf [9] and Kleiman-Laksov [11, 12] On a generic curve of genus g, however, this cannot happen. Indeed, Griffiths and Harris [5] have shown that for a general curve, W ra has pure dimension ~, and Gieseker [4] has very recently proved that, for general C, W~ is singular only along W r+la . Hence from Remark is an ample vector bundle, the first point to observe is that it suffices to prove the ampleness of Era*. Indeed, since a direct sum of vector bundles is ample if and only if each summand is [7] , it is certainly enough to check the ampleness of E*| 
Such a sequence gives rise to a section s of Op (1) whose divisor is exactly the subvariety P(Em-1)---P(Em). The crucial geometric fact is then the following (cf. [14] or [1] ): 
